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Abstract
The Hawking radiation considered as a tunneling process, by using a Hamilton-Jacobi prescrip-
tion, is discussed for both z = 3 and z = 1-Lifshitz black holes. We have found that the tunneling
rate (which is not thermal but related to the change of entropy) for the z = 3-Lifshitz black
hole (which does not satisfy the Area/4-law) does not yield (give us) the expected tunneling rate:
Γ ∼ exp (∆S), where ∆S is the change of black hole entropy, if we compare with the z = 1-Lifshitz
black hole (BTZ black hole, which satisfies the Area/4-law).
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I. INTRODUCTION
The second law of thermodynamics was initially put forth for a system including black
holes by Bekenstein [1]. It states that sum of one quarter of the area black hole’s event
horizon plus the entropy of ordinary matter outside never decrease with time all process.
The thermodynamics properties of these objects are based on its elusive quantum description
(as everything seems to indicate). Specifically, the problem of emission of particles and its
relationship to the second law of thermodynamics, i. e., the entropy. Black holes can emit
particles from the event horizon known as Hawking radiation [2]. Hence, the classical notion
is no longer that a black hole is not as black, or in other words, the black hole radiation
appears as a quantum process (as everything seems to indicate). Whilst the nature of
Hawking radiation is not yet fully understood [3], this fact has established an important
antecedent when exploring the evolution of a black hole and its thermodynamic behaviour
taking into account the underlying holographic idea about the crucial relation between
entropy and area in a gravitacional system [4]. In this work we study the Hawking radiation
from a couple of Lifshitz black holes (z = 3 and z = 1 cases) by following an idea proposed
in [5]: the Hawking radiation from a black hole described as a tunneling process. The results
for both cases are compared and discussed. The present paper is organized as follows. In
Section 2, we review the z = 3-Lifshitz black hole solution and its themodynamics. In
Section 3, we compute the tunneling rate (which is not thermal ) for this black hole by
following a prescription based on the relativistic Hamilton-Jacobi equation and we compare
the obtained result with the one corresponding to z = 1-Lifshitz black hole (BTZ black
hole). In Section 4 we discuss our results. In this paper, the units G=h=c=1 are used.
II. z = 3-LIFSHITZ BLACK HOLE
The black hole solution is decribed by the following metric [6]
ds2 = −
(
r2
l2
)3 (
1− r2+/r2
)
dt2 +
l2
r2
(
1− r2+/r2
)−1
dr2 + r2dϕ2, (1)
where the coordinates are defined by −∞ ≤ t ≤ ∞, r ≧ 0 and 0 ≤ ϕ 6 2pi, and r+ = l
√
M
is the black hole event horizon. Here M is an integration constant related to the black hole
mass and l is the curvature radius of the Lifshitz spacetimes related to the cosmological
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constant through Λ = −13/2l2 . The thermodynamical quantities of this black hole [7], i.e.
temperature, entropy and mass are, respectively,
T =
r3+
2pil4
, S = 2pir+ , Mˆ =
r4+
4l4
=
(
M
2
)2
, (2)
such that TdS = d Mˆ ; meaning that the first law is satisfied but not the Area/4-law for
the entropy: S = 2pir+ 6= pir+/2 = Area/4. This point will be very important at time to
calculate the tunneling rate for this black hole and the subsequent comparison with the
z = 1-Lifshitz black hole (BTZ black hole). For z 6= 1, 3 it is not clear yet how to compute
conserved quantities for asymptotic Lifshitz black holes and this fact make difficulties if we
want to have a consistent thermodynamic: the thermodynamical laws should be verified for
this type of black holes. Whether or not the Area/4-law is a universal law which must satisfy
all black holes, independent of the dimensionality of the spacetime in which they live, is still
an open question. We conclude this Section with an example (there are others) which does
not appear to be of any help in finding an answer to the previous question: in a scattering
process of scalar fields over a z = 3-Lifshitz black hole [8], the absorption cross-section is
proportional to the entropy independent whether or not the Area/4-law is fulfilled.
III. THE RELATIVISTIC HAMILTON-JACOBI EQUATION
We use a semi-classical method proposed in Ref. [9] in order to conceive the Hawking
radiation as a tunneling effect. The idea is to consider a scalar particle moving in the
background of the black hole where the particle self-gravitation is neglected. So, the classical
action I of the particle satisfies the relativistic Hamilton-Jacobi equation
gµν
(
∂I
∂xµ
)(
∂I
∂xν
)
+m2 = 0, (3)
where m and gµν are the mass of the particle and the inverse metric tensor derived from (1)
and xµ = (t, r, ϕ). Near the horizon(
r4
l6
∆(r)
)
r−→r+
−→ 2r
5
+
l6
(r − r+) ,
(
l2
∆(r)
)
r−→r+
−→ l
2
2r+ (r − r+)
, (4)
such that in this case, where the non-null inverse metric elements are
gtt (r) = − l
6
2r5+
1
(r − r+)
, grr (r) =
2r+
l2
(r − r+) , gϕϕ (r) = 1
r2+
. (5)
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By replacing (5) in (3), and because there are two Killing vectors in the present z =
3-black hole, we do I = −ωt + R(r) + jϕ, where ω and j are the energy and angular
momentum of the particle respectively and R (r) is the geometric content of the spacetime
under consideration, we have the following integral expresion for R (r)
R (r) = ± l
4ω
2r3+
∫
dr
r − r+
√
1− 2
(
r2+
ωl3
)2
r+
(
m2 +
j2
r2+
)
(r − r+), (6)
expression from which we rescue the imaginary part (classically forbidden process) which is
related to the Boltzmann factor for emision at the Hawking temperature
R (r) = ± l
4ω
2r3+
(ipi) =⇒ I = −ωt± l
4ω
2r3+
(ipi) + jϕ. (7)
The ± sign in (7) correspond to outgoing and ingoing particles, respectively. Given that
in the classical limit all is absorbed by the black hole (with no reflection) we write ImI
corresponding to outgoing particles
ImI =
l4ωpi
2r 3+
=
ω
4T
=
pilω
2 5/2
Mˆ−3/4 , (8)
where r2+/l
2 = 2
√
Mˆ (ℜI corresponds to ingoing particles, i. e., particles falling through
the horizon of the black hole).We note that 2ImI = ωT/2 and already this fact shows
the non-thermal nature of the emission; for thermal emission 2ImI = ωT . Now, when a
particle with energy ω tunnels out, the mass of the black hole changed into Mˆ −→ Mˆ − ω
(l
√
M −→ l√M − ω, where l
√
M is the horizon before pair-creation and l
√
M − ω the
horizon after pair-creation). Therefore we put
ImI → − pil
25/2
∫ Mˆ−ω
Mˆ
d
(
Mˆ − ω
)(
Mˆ − ω
)−3/4
, (9)
and we obtain
ImI = −1
4
[(
1− ω
Mˆ
)1/4
− 1
]
S = −1
4
∆S, (10)
where S = 2pir+ is the z = 3-Lifshitz black hole entropy. In the WKB approximation the
tunneling rate (tunneling probability for the classically forbidden trajectory from inside to
outside the horizon) is given by Γ ∼ exp (−2ImI ) and for this black hole we find Therefore,
the tunneling rate Γ ∼ exp (−2ImI) for this black hole is given by
Γ ∼ exp
(
1
2
∆S
)
, (11)
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and we note that (11) differs from the result Γ ∼ exp (∆S) which is valid for black holes
that satisfy the Area/4-law. If we repeat the scheme done before for the BTZ black hole
(z = 1-Lifshitz black hole) we find [10]
Γ ∼ exp (∆S) , (12)
where
∆S =
[(
1− ω
MBTZ
)1/2
− 1
]
S, (13)
being S = pir+/2 = 2pir+/4 = Area/4-law and r+ = l
√
M = 2
√
2l
√
MBTZ , such that
dMBTZ = TdS (first law) and T = r+/2pil
2 [6].
IV. CONCLUDING REMARKS.
We have computed the tunneling rate for both z = 3-Lifshitz black hole, which does
not satisfy the Area/4-law and we find Γ ∼ exp (∆S/2), and z = 1-Lifshitz black hole
(BTZ), which satisfies the Area/4-law and we found Γ ∼ exp (∆S). It is not yet clear
how to compute conserved quantities in asymptotic Lifshitz black holes and so, we can
not visualize the scope of our results if we are thinking in a complete thermodynamical
description of these type of black holes in the framework, for instance, of new massive
gravity. Nevertheless, we apologize that the difference in the tunneling rates obtained can
be a signal to discriminate between black holes which satisfy the Area/4-law and those who
do not. Finally, in the literature we can find discussions about dependence on the type of
coordinates used to describe black holes and then calculate tunneling rates (see [11] and
references therein). However, we believe that the thermodynamic properties of these, if they
do, must be independent of that choice, as it should be if we accept (assume?) that black
holes are thermal objects.
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